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POINT-INVARIANT CLASSES OF THE THIRD
ORDER ORDINARY DIFFERENTIAL EQUATIONS.
V. V. Dmitrieva
Abstract. Point transformations of the 3-rd order ordinary differential equations are
considered. Special classes of ordinary differential equations that are invariant under
the general point transformations are constructed.
1. Introduction.
Let us consider a class of ordinary differential equations of the third order resolved
with respect to the leading derivative
y′′′ = f(x, y, y′, y′′). (1.1)
Under the general point transformation
{
x˜ = x˜(x, y),
y˜ = y˜(x, y).
(1.2)
some equation from the class (1.1) is transformed into the following one
y˜′′′ = g(x˜, y˜, y˜′, y˜′′). (1.3)
Let us choose the special subclass of ODE’s (1.1) such that the function f from
the right hand side of (1.1) is in the certain preassigned set of functions F (f ∈ F).
Definition 1. If ∀f ∈ F the function g from the right hand side of transformed
equation (1.3) is also in the set F (g ∈ F) then this subclass (1.1) is called a point-
invariant subclass.
As usual one consider the class F consisting of polynomials or rational functions
in derivatives y′ and y′′.
In XIX-th century the following ODE class
y′′ = P (x, y) + 3Q(x, y) y′ + 3R(x, y) (y′)2 + S(x, y) (y′)3. (1.4)
was investigated by R. Liouville [1], S. Lie [2]-[3] and A. Tresse [4]-[5]. E. Cartan
considered (1.4) as the equation of geodesic line in the projectively connected space
Author is grateful to Prof. R. A. Sharipov for stating of the problem and for useful discussions.
This research was supported by RFBR, grant no. 00-01-00068, coordinator Prof. Y. T. Sultanaev.
Typeset by AMS-TEX
2 V. V. DMITRIEVA
[6] – [9]. The class of equations (1.4) is closed under the point transformations (1.2).
This fact was mentioned in [1]–[24].
In [25] R. A. Sharipov and O.N. Mikhailov have investigated some other point-
invariant class of second order equations:
y′′ =
P (x, y) + 4Q(x, y) y′ + 6R(x, y) (y′)2 + 4S(x, y) (y′)3 + L(x, y)(y′)4
Y (x, y)−X(x, y)y′
.
They called it the point-expansion for the class of equations (1.4).
Another class was mentioned L.A. Bordag in [17]:
(y′′)2 = P5(y
′;x, y).
Here P5 = P5(y
′;x, y) is a polynomial of the fifth order in y′.
2. Point transformations.
We can interpret the change of variables (1.2) as the change of some curvilinear
coordinates on the plane for another ones. Let’s denote by T and S the direct and
inverse Jacoby matrices for this change of variables:
S =
∥∥∥∥x1.0 x0.1y1.0 y0.1
∥∥∥∥ , T =
∥∥∥∥ x˜1.0 x˜0.1y˜1.0 y˜0.1
∥∥∥∥ . (2.1)
The point transformations (1.2) are supposed to be non-degenerate, hence detS 6= 0.
Here and below the notation Φi.j denotes the partial derivative:
Φi.j =
∂i+jΦ
∂xi∂yj
.
In particular
x1.0 =
∂x(x˜, y˜)
∂x˜
.
The derivative y′ obeys the following transformation rule under the change of
coordinates (2.1):
y′ =
y1.0 + y0.1 y˜
′
x1.0 + x0.1 y˜′
. (2.2)
The corresponding rule for the y′′ is more complicated:
y′′ =
y2.0 + 2 y1.1 y˜
′ + y0.2 y˜
′2 + y0.1 y˜
′′
(x1.0 + x0.1 y˜′)2
−
−
(y1.0 + y0.1 y˜
′) (x2.0 + 2 x1.1 y˜
′ + x0.2 y˜
′2 + x0.1 y˜
′′)
(x1.0 + x0.1 y˜′)3
(2.3)
Appropriate formula for the y′′′:
y′′′ =
a1y˜
′′′ + a2y˜
′′2 + a3y˜
′′y˜′2 + a4y˜
′′ y˜′ + a5y˜
′′+
(x1.0 + x0.1 y˜′)5
+a6y˜
′5 + a7y˜
′4 + a8y˜
′3 + a9y˜
′2 + a10y˜
′ + a11
(x1.0 + x0.1 y˜′)5
.
(2.4)
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All coefficients a2, . . . , a11 in (2.4) are some certain functions in x, y and their
derivatives with respect to x˜, y˜, except for the coefficient a1 which contains the
dependence on y˜′. Let’s write the explicit formulae for a1, . . . , a11.
The coefficient of y˜′′′:
a1 = −(x1.0 + x0.1 y˜
′) (y1.0x0.1 − x1.0 y0.1) (2.5)
The coefficient of y˜′′2:
a2 = 3x0.1 (y1.0 x0.1 − x1.0 y0.1) (2.6)
The coefficient of y˜′′y˜′2:
a3 =− 6 y0.1 x1.0 x0.2 − 3 y1.1 x0.1
2 + 3 y1.0 x0.2 x0.1+
+ 3 y0.2 x1.0 x0.1 + 3 y0.1 x1.1 x0.1
(2.7)
The coefficient of y˜′′y˜′:
a4 =9 y1.0 x0.1 x1.1 − 3 y2.0 x0.1
2 + 3 y0.1 x2.0 x0.1+
3 y0.2 x1.0
2 − 3 y1.0 x0.2 x1.0 − 9 y0.1 x1.1 x1.0
(2.8)
The coefficient of y˜′′:
a5 =− 3 y1.0 x1.1 x1.0 + 6 y1,0 x2.0 x0.1 − 3 y0.1 x1.0 x2.0+
+ 3 y1.1 x1.0
2 − 3 y2.0 x1.0 x0.1
(2.9)
The coefficient of y˜′5:
a6 =3 y0.1 x0.2
2 − 3 y0.2 x0.1 x0.2 + y0.3 x0.1
2−
− y0.1 x0.3 x0.1
(2.10)
The coefficient of y˜′4:
a7 =− 3 y0.1 x1.2 x0.1 − 3 y0.2 x1.0 x0.2 − y0.1 x0.3 x1.0−
− 6 y1.1 x0.2 x0.1 + 2 y0.3 x1.0 x0.1 + 3 y1.0 x0.2
2−
− y1.0 x0.3 x0.1 − 6 y0.2 x1.1 x0.1 + 12 y0.1 x1.1 x0.2 + 3 y1.2 x0.1
2
(2.11)
The coefficient of y˜′3:
a8 =− 3 y0.1 x2.1 x0.1 − 6 y0.2 x1.1 x1.0 − y1.0 x0.3 x1.0−
− 3 y0.1 x1.2 x1.0 + 12 y0.1 x1.1
2 − 3 y0.2 x2.0 x0.1−
− 3 y2.0 x0.2 x0.1 − 6 y1.1 x0.2 x1.0 + 6 y0.1 x2.0 x0.2−
− 12 y1.1 x0.1 x1.1 + 6 y1.2 x1.0 x0.1 + y0.3 x1.0
2+
+ 3 y2.1 x0.1
2 − 3 y1.0 x1.2 x0.1 + 12 y1.0 x1.1 x0.2
(2.12)
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The coefficient of y˜′2:
a9 =− 3 y1.0 x1.2 x1.0 + 12 y0.1 x2.0 x1.1 + 3 y1.2 x1.0
2+
+ y3.0 x0.1
2 − 6 y2.0 x1.1 x0.1 − 3 y0.1 x2.1 x1.0−
− 6 y1.1 x2.0 x0.1 − 3 y1.0 x2.1 x0.1 − y0.1 x3.0 x0.1−
− 3 y0.2 x2.0 x1.0 + 6 y1.0 x2.0 x0.2 + 6 y2.1 x1.0 x0.1−
− 12 y1.1 x1.0 x1.1 + 12 y1.0 x1.1
2 − 3 y2.0 x0.2 x1.0.
(2.13)
The coefficient of y˜′:
a10 =− 3 y2.0 x0.1 x2.0 + 12 y1.0x2.0x1.1−
− 6 y2.0 x1.1 x1.0 − 6 y1.1 x2.0 x1.0 − 3 y1.0 x2.1 x1.0−
− y0.1 x3.0 x1.0 + 2 y3.0 x1.0 x0.1+
+ 3 y0.1 x2.0
2 + 3 y2.1 x1.0
2 − y1.0 x3.0 x0.1.
(2.14)
The last term:
a11 =− y1.0 x3.0 x1.0 + y3.0 x1.0
2+
+ 3 y1.0 x2.0
2 − 3 y2.0 x1.0 x2.0.
(2.15)
Formula (2.3) and the series of formulae (2.4) – (2.15) determine the transformation
rule for y′′′ under the change of coordinates (2.1).
3. Point-invariant classes of equations of the form (1.1).
Below we shall seek the point-invariant classes of the equations of the form (1.1)
such that the functions f in their right hand sides are rational in y′ and polynomial
in y′′. At first we apply the transformation rules (2.4)–(2.15) to the simplest equation
y′′′ = 0. (3.1)
The shape of transformed equation (3.1)
y˜′′′ =
3x0.1y˜
′′2
x1.0 + x0.1y˜′
+
a3y˜
′′y˜′2 + a4y˜
′′ y˜′ + a5y˜
′′+
(x1.0 + x0.1 y˜′)(y1.0x0.1 − x1.0y0.1)
+a6y˜
′5 + a7y˜
′4 + a8y˜
′3 + a9y˜
′2 + a10y˜
′ + a11
(x1.0 + x0.1 y˜′)(y1.0x0.1 − x1.0y0.1)
(3.2)
allows us to assume that the point-invariant class of the equations (1.1) should have
the following form
y′′′ =
B(x, y)y′′2 + P (x, y)y′′y′2 +Q(x, y)y′′ y′ +R(x, y)y′′ + S(x, y)y′5+
Y (x, y)−X(x, y)y′
+L(x, y)y′4 +K(x, y)y′3 +M(x, y)y′2 +N(x, y)y′ + T (x, y)
Y (x, y)−X(x, y)y′
. (3.3)
Let’s transform an arbitrary equation (3.3) using formulae (2.2)–(2.15). In general
the transformed equation do not belong to the class (3.3). The coefficient B/(Y −Xy′)
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of y′′2 in the right hand side of (3.3) as a result of coordinate transformations (1.2)
generates a new term with y′y′′2.
y˜′′′ =
(B˜1 + B˜2y˜
′)y˜′′2
(Y˜ − X˜y˜′)(x1.0 + x0.1y˜′)
+ . . . . (3.4)
Let us introduce a new function f(z) of the variable z = y′ associated with the
equation (3.4):
f(z) =
B˜1 + B˜2z
x1.0 + x0.1z
, (3.5)
where
B˜1 = 3x0.1(Y x0.1 −Xy0.1)
B˜2 = 3x0.1(Y x1.0 −Xy1.0) +B(x1.0y0.1 − x0.1y1.0).
(3.6)
The rational function f(z) in (3.5) has a first order pole at the point z0 = −x1.0/x0.1.
Let’s calculate the residue of this function at the point z0 and denote it by Ω:
Ω = Res
z=z0
f(z). (3.7)
It is easy to get the explicit formula for Ω using the expression (3.6):
Ω = (B + 3X) detS. (3.8)
The condition Ω = 0 is the necessary condition for the class of equations (3.2)
to be point-invariant. Let’s remember that the point transformations (1.2) are non-
degenerate, hence the condition (3.8) is equivalent to additional relation between
functions B and X :
B = −3X. (3.9)
The direct calculations show that the condition (3.9) is also sufficient condition
for the class of equations (3.2) to be closed under the transformations (1.2). This
completes the proof of Theorem 1 below.
Theorem 1. The class of equations
y′′′ =
−3X(x, y)y′′2 + P (x, y)y′′y′2 +Q(x, y)y′′ y′ + R(x, y)y′′ + S(x, y)y′5+
Y (x, y)−X(x, y)y′
+L(x, y)y′4 +K(x, y)y′3 +M(x, y)y′2 +N(x, y)y′ + T (x, y)
Y (x, y) −X(x, y)y′
(3.10)
is invariant under point transformations (1.2).
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